We study the tunneling effect in an AIII-class insulator proximity coupled with a spin-singlet s-wave superconductor, in which three phases are characterized by the integer topological invariant N . By solving the Bogoliubov-de Gennes equation explicitly, we analytically obtain a normal reflection coefficient R σσ ′ and an Andreev reflection coefficient A σσ ′, and derive a charge conductance formula, where σ(σ ′ ) is the spin index of a reflected (injected) wave. The resulting conductance indicates a wide variety of line shapes: (i)gap structure without coherence peaks for N = 0, (ii)quantized zero-bias conductance peak (ZBCP) with height 2e 2 /h for N = 1, and (iii)ZBCP spitting for N = 2. At zero bias voltage eV = 0, σσ ′ R σσ ′ = σσ ′ A σσ ′ is satisfied and the spin direction of an injected electron is rotated at approximately 90 • for the N = 1 state. Meanwhile, A σσ ′ = 0 is satisfied for the N = 2 state, and the spin rotation angle can become 180 • .
I. INTRODUCTION
The tunneling effect in a normal metal/superconductor (N/S) junction has been considered to be a basic quantum phenomenon since the discovery of superconductivity. Blonder, Tinkham, and Klapwijk (BTK) established that tunneling conductance can be expressed by the coefficients of the Andreev reflection and normal reflection in ballistic junctions [1] . By extending the BTK theory, a conductance formula has been developed for unconventional superconductors [2, 3] , where a pair potential changes sign on the Fermi surface and possesses the so-called surface Andreev-bound states (SABSs). This formula has clarified that the sharp zero-bias conductance peak (ZBCP) observed in many experiments of high T C cuprate [4] [5] [6] [7] [8] [9] [10] stems from the zero energy surface Andreev-bound states (ZESABSs) [11] [12] [13] [14] [15] in a d-wave superconductor. Applying this formula for a spin-triplet chiral p-wave superconductor, a broad ZBCP has been obtained reflecting on the linear dispersion of the SABS [16] [17] [18] . This result is consistent with the tunneling experiments of Sr 2 RuO 4 [19, 20] and supports the realization of spin-triplet superconductivity in Sr 2 RuO 4 [21, 22] .
It is known that the physical origin of these SABSs stems from the chiral edge state protected by the topological invariant defined in the bulk Hamiltonian [23] [24] [25] , and the high T C cuprate and Sr 2 RuO 4 are regarded as topological superconductors [26] . In the last decade, it has been established that topologically protected SABS can be generated based on a lowdimensional electron system with strong spin-orbit coupling without using unconventional pairings. For example, for the s-wave superconductor/ferromagnet junction on the surface of a topological insulator (TI), a chiral edge mode is generated similar to Sr 2 RuO 4 . Previously, one of the authors of this study, YT, derived a conductance formula for this hybrid system and clarified that the slope of the dispersion of the chiral edge mode is tunable by the gate voltage applied on the TI [27] . The derivation of the conductance formula is useful to capture the low energy charge transport in newly developed designed topological superconductors and superconducting TIs [28, 29] .
The AIII-class topological insulator has a winding number in one dimension, as shown in the topological periodic table [30] . By inducing the s-wave pair potential on an AIII-class TI, this system becomes a topological superconductor belonging to the BDI-class, which is characterized by the topological number N [31] . The phase diagram of this BDI topological superconductor is shown in Fig. 1 . The present BDI topological FIG. 1. Phase diagram of BDI topological superconductor [31, 32] superconductor can be regarded as a one-dimensional version of the quantum anomalous Hall/superconductor hybrid system [32] . Since there are many researches about Quantum anomalous Hall / superconductor hybrid systems [33] [34] [35] [36] [37] , to clarify the BDI superconductor has a sufficient value. It is remarkable that topological phase transition is tunable by changing the so-called mass parameter defined in the AIII topological insulator model, where a topological insulator is realized for m < 0 [32] . The number of edge modes, SABSs, in this BDIclass topological superconductor coincides with N [31, 32] . The zero-temperature conductance at zero voltage shows a noteworthy feature. For the N = 1 state, the SABS appears as the single mode of the Majorana fermion; thus, the resulting charge conductance becomes 2e 2 /h [31, 38] . Meanwhile, for N = 2, although the ZESABS exists as two Majorana fermions, because of the destructive interference between two Majorana fermions, the zero-bias conductance becomes zero [31, 38] . Simultaneously, the reflection coefficients of the Andreev reflection disappear. Although several theoretical studies have been done regarding this system [31, 38] , they are based on a low-energy effective model or numerical calcula-tions in a finite system, and the charge conductance formula has not been derived analytically. It is beneficial to solve the scattering problem of a normal metal/one-dimensional (1D) BDI superconductor junction analytically and derive a conductance formula similar to other topological superconductors [27, 28] .
The aim of this study was to solve the BogoliubovâĂŞ-de Gennes (BdG) equation of a normal metal/BDI superconductor junction based on the AIII TI in one dimension. We selected a standard normal metal with parabolic dispersion. We analytically obtained both the normal reflection coefficient R σσ ′ and Andreev reflection coefficient A σσ ′ . Here, σ is a spin index of a reflected electron (hole) for a normal (Andreev) reflection, and σ ′ is a spin index of an injected electron. The resulting conductance shows a wide variety of line shapes. For the N = 0 state, the conductance exhibits a gap-like structure without sharp coherence peaks in contrast to the standard U-shaped line shape of differential conductance in tunneling spectroscopy of an s-wave superconductor. For the N = 1 state, σσ ′ R σσ ′ = σσ ′ A σσ ′ is satisfied and the charge conductance has a quantized ZBCP of peak height 2e 2 /h. The width of this peak depends on the magnitude of m 0 and ∆ 0 . For the N = 2 state, the charge conductance has a ZBCP splitting at eV = 0 and becomes zero; this is consistent with previous results. Further, we clarified the spin rotation at zero bias voltage eV = 0, when an injected electron exhibits a spin polarization along the z-axis. For the N = 1 state, the spin direction of the normal-reflected electron and Andreev-reflected hole is directed along the y-axis. Meanwhile, for the N = 2 state, the Andreev reflection is absent and the spin rotation angle can become 180 • for the normal-reflected electron.
The remainder of this paper is organized as follows. In section 2, we present the theory and the method to derive the conductance formula. In section 3, we detail the resulting conductance. In section 4, we demonstrate the spin rotation from the obtained reflection coefficients. Our results are summarized in section 5.
II. FORMULATION
We consider a normal metal/BDI superconductor (N/BDI) junction, as shown in Fig. 2 of a quantum anomalous Hall/superconductor hybrid system can be regarded as a BDI superconductor. The Hamiltonian is given by
where θ(x) and δ(x) are the Heaviside step function and delta function, respectively. The second term indicates the barrier potential with barrier parameter U. The Hamiltonian of a normal metal is defined as a standard free electron model with parabolic dispersion.
where µ, m N , and τ z are the chemical potential, effective mass of the normal metal, and Pauli matrices in the Nambu space. Subsequently, the Fermi wave number is given by k F = 2m N µ/ 2 . The Hamiltonian of the BDI superconductor is
where h AIII (k) is the AIII-class TI. A 0 and B 0 are material parameters. ∆ 0 is the pair potential of the spin-singlet s-wave superconductor. Here, m 0 , σ z , and A 0 denote the effective mass, z component of the Pauli matrix, and spin-orbital coupling, respectively. Herein, the chemical potential of the AIII-class insulator is fixed at zero. Therefore, the Fermi level is located in the middle between the conduction and valence band. For m 0 < 0, the AIII-class insulator becomes a topological hosting edge state [31, 32] . We normalize each parameter using k F in the remainder of this paper
The eigenenergy E ± and eigenfunction ψ ± (k) of H SC are obtained:
We can confirm that the bulk energy gap of the BDI superconductor closes at m 0 = ±∆ 0 , as calculated from the eigenenergy. Thus, the topological phase transition occurs at m 0 = ±∆ 0 .
In the following section, we study the scattering problem of the N/BDI junction. We assume that the spin direction of an injected electron is along the z axis. In the 1D BDI superconductor, the wave function is satisfied, as follows:
where σ is the spin of an injected electron; b σ ′ σ and a σ ′ σ are the amplitudes of the normal and Andreev reflections with σ ′ =↑ (↓); t 1± and t 2± are the corresponding transmission amplitudes. The wave number in the BDI superconductor is calculated from the eigenenergy:
where E is the energy measured from the Fermi level. The sign of the wave number is determined by the group velocity such that the wave function does not diverge for x → ∞. The boundary condition of the wave function at x = 0 is given as follows:
Here,v is the velocity operatorv = 1 ∂H ∂(−i∂ x ) .
III. TUNNELING EFFECT
The charge conductance Γ in the N/BDI junction can be expressed using the reflection coefficients
The amplitude of the normal reflection b σ = (b ↑σ , b ↓σ ) and that of the Andreev reflection a σ = (a ↑σ , a ↓σ ) for an injected electron with σ =↑, ↓ are expressed by two component vectors obtained from the boundary condition (14)
with u σ = (δ ↑σ , δ ↓σ ). Here, γ ≡ 2 + iZ with the barrier parameter Z, I is a 2 × 2 unit matrix, andK ± is a 2 × 2 matrix with respect to the wave number (12)(13) using the factor of the wave function (7).
The matrices of the reflection coefficients of the normal reflection R σσ ′ and that of the Andreev reflection A σσ ′ are given by
We calculate the conductance Γ analytically with bias voltage V where E = eV is satisfied. We selected various mass parameters m 0 for a fixed ∆ 0 , as shown in Fig.3 . For N = 0 cases, the obtained conductance never becomes exactly zero for any V (Γ 0) owing to the Andreev reflection. The sharp coherent peaks that appear in the case of conventional tunneling spectroscopy of the s-wave superconductor is absent in the conductance. This is because the spin-singlet s-wave pair potential is induced in the insulating AIII phase. The conductance shows a two-gap behavior at eV = |m 0 ± ∆ 0 |. For the N = 1 state, the ZBCP appears with its peak height of 2e 2 /h. The peak width increases with the decrease in m 0 and is approximately proportional to W − , which is the gap width of the energy band E − defined in eq. (6)
At m 0 = ∆ 0 , the width of the peak becomes zero and the energy spectrum of the BDI superconductor becomes gapless corresponding to a topological transition. This ZBCP is due to the ZESABS that manifests as a Majorana fermion at the edge of the BDI superconductor [31, 32] . For the N = 2 state, the charge conductance exhibits a ZBCP splitting. The height of the peaks at a nonzero voltage is suppressed with the decrease in the value of m 0 . At eV = 0, the conductance at zero voltage becomes exactly zero, consistent with previous results [31, 37, 38] . 
ZERO BIAS VOLTAGE
Next, we focus on the conductance at zero voltage where more compact formula of coefficients of the Andreev and normal reflections and conductance can be available. For convenience, we introduce the following:
The amplitudes of both the normal and Andreev reflections can be expressed as
For N = 0, both amplitudes of the normal and Andreev reflections exist. For N = 1, after some straightforward calculations, we obtain
This implies that the contributions of the normal and Andreev reflections are completely balanced. This property is unique although the ZBCP exists in both the Andreev and normal reflections. It is qualitatively different from the previous normal metal/unconventional junctions with the perfect resonant case, where only the Andreev reflection exists at zero voltage [2, 14] . Consequently, differences are observed between the heights of these ZBCPs. For the N = 2 state, although the ZESABS exists, the Andreev reflection is completely suppressed. Using the results above, we obtain Γ as follows:
For the N = 1 state, we can demonstrate analytically that the charge conductance becomes 
IV. SPIN ROTATION
We have obtained the normal and Andreev reflection coefficients analytically; thus, we can analyze the detailed property of the reflected particles. In this section, we study the spin rotation through the scattering processes at the interface. Here, we consider the normal and Andreev reflections at zero bias voltage to use the formulae in the previous section. Subsequently, the reflection amplitude b σ , a σ is expressed by the spin rotational operator exp iθ 2 ·σ , whereθ = θn denotes the rotational axisn and rotational angle θ. The results depend highly on the topological phase in the BDI superconductor.
For the N = 1 state, the reflection coefficients are denoted by a linear combination of spinors that are expressed by two types of spin rotations
where the rotation angles are as follows:
Fig .5 shows the spin direction of the normal and Andreev reflections with the injection of an up-spin electron, where θ y and φ xz are the polar angle from the y-axis and the azimuth angle in the xz-plane, respectively. In the case of A > 0, the spin direction for both the normal and Andreev reflections are almost along the direction of −ŷ because of θ y ∼ π for any Z, as shown in Fig.5(a) . Here,ŷ is a unit vector along the y-direction. Meanwhile, the spin directions are the opposite in the A < 0 case. This implies that the spin direction depends on the chirality of the BDI superconductor. Additionally, we confirm that the spin direction for the normal and Andreev reflections with a down-spin injection is the same as those for an up-spin injection. In other words, the spin directions of the reflected waves are polarized. This spin polarization phenomenon is caused by the chirality of the Majorana fermion at the edge of the BDI superconductor. Obviously, the electrons in an isolated normal metal exhibits time-reversal symmetry; however, by applying the bias voltage in the normal metal/1D BDI superconductor junctions, spin polarization occurs. For the N = 2 state, the reflection amplitudes are denoted as follows:
where the coefficient and rotation angle are as follows:
According to Eq.(32), normal reflection depends only on the sign of A and does not depend on other parameters of the BDI superconductor. Fig.6 shows the spin direction of the normal reflection in an up-spin injection, where θ z and φ xy are the polar angle from the z-axis and the azimuth angle in the xy-plane, respectively. As shown in Fig.6(a) , the spins of the reflections are directed to −ẑ, i.e., π-rotation at Z = 0, but do not change through the scattering for Z = ∞. Here, z is a unit vector. This is because the couplings between the injected electron and the edge state of the BDI becomes weak with increasing barrier strength. From Z = 0 to ∞, the spin direction of the normal reflection rotates in the xz-plane. It is noteworthy that the azimuth angle depends on the sign of A, as shown in Fig.6(b) . It is known that a giant spin rotation appears in the normal metal/quantum spin Hall junction depending on the edge states [39] . Similarly, spin rotations appear for a weak barrier strength. Finally, for the N = 0 state, the reflection amplitudes are expressed as follows:
where the coefficients and rotation angles are as follows:
When the spin direction for the injected electrons is along thê z-axis, any spin flipping or rotation does not appear because θ 0b directsẑ and the rotational axis is along the z-axis. Further, the Andreev reflection is flipped simply,i.e., ↑ to ↓ or vice versa. This spin rotation is similar to that of conventional tunneling of the s-wave superconductor. The results above are summarized in Table I . 
V. CONCLUSION
We have studied the tunneling effect in a topological superconductor based on a 1D AIII-class TI that is proximity coupled with a spin-singlet s-wave superconductor. This topological superconductor belongs to the BDI-class and topologically different phases are characterized by the topological invariant N for a bulk BDI superconductor. By solving the BdG equation of the normal metal/BDI superconductor junction, we have analytically obtained both the normal reflection coefficient R σσ ′ and Andreev reflection coefficient A σσ ′ , where σ(σ ′ ) is a spin index of the reflected (injected) wave. The resulting conductance indicates a wide variety of line shapes. For the N = 0 state, the obtained conductance exhibits a Gaplike structure without sharp coherence peaks at their maxima, in contrast to the standard U-shaped line shape in s-wave superconductor tunneling spectroscopy. For the N = 1 state, σσ ′ R σσ ′ = σσ ′ A σσ ′ is satisfied. The obtained conductance exhibits a ZBCP of height 2e 2 /h. The width of this peak depends on the magnitudes of m 0 and ∆ 0 . With the decrease in the value of m 0 for a fixed ∆ 0 , the width of the peak increases up to m 0 = −∆ 0 . For the N = 2 state, the charge conductance exhibits a ZBCP spitting; at eV = 0, it became zero, consistent with previous results. Further, we have calculated the spin rotation at zero bias voltage eV = 0, when an injected electron exhibited a spin polarization along the z-axis. For the N = 0 state, the spin direction of the reflected electron is along the z-axis and that of the hole is in the opposite direction. For the N = 1 state, the spin directions of the reflected electron and hole are directed along the y-axis. Meanwhile, for the N = 2 state, A σσ ′ = 0 is always satisfied and the reflected electron exhibited a spin rotation. The spin rotation angle can become 180 • in the extreme case when no barrier exists at the boundary.
